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1. Introduction 

The stochastic integral representations of quantum martingales have been studied by many 
authors (see 0216171101111141151181191 . etc). In fl]D, Parthasarathy and Sinha established a 
stochastic integral representation of a regular bounded quantum martingale on Fock space 
with respect to the basic martingales, namely the annihilation, creation and conservation 
processes. A new proof of the Parthasarathy and Sinha representation theorem has been 
discussed in [15] with the special form of the coefficient of the conservation process. In 
0, by using the framework of Gaussian (white noise) analysis (see B5I161 ). the author 
extended the Hudson and Parthasarathy quantum stochastic calculus and generalized the 
notion of regular martingale in the context of a certain triple of weights [3 12] and then 
the integral representation theorem for a regular (unbounded) quantum martingale was 
proved. 

In this paper, we extend the results obtained in |9 18 1 for the representation of a reg- 
ular martingale to the case of multiple Fock space with an initial Hilbert space. For our 
purpose, we first extend the quantum stochastic integral studied in |8 19 1 (see also [ 17 1) 
to our setting. 

The paper is organized as follows. In §2 we construct a rigging of multiple Fock space 
and briefly recall the basic quantum stochastic processes. In §3 we extend the quan- 
tum stochastic integral studied in [19] to a wider class of adapted quantum stochastic 
processes in our setting. In §4 we prove the main result (Theorem 14.51 ) for a stochastic 
integral representation of a (unbounded) regular quantum martingale on multiple Fock 
space. 

We expect that the integral representation of quantum martingales have applications in 
Markovian cocycles 01141131 . Further study is now in progress. 
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Notations. Let X and 2) be locally convex spaces. 

X ® 2): the Hilbert space tensor product when X and 2) are Hilbert spaces. 
L(@, X): the space of all linear operators in X with domain £>. 

Jz?(X,2)): the space of continuous linear operators from X into 2J equipped with the 
topology of bounded convergence, see [ 16 1. 

2. Multiple Fock space and basic processes 

Let H = L 2 (R+,K) = L 2 (R+) (g> K be the Hilbert space of /^-valued square integrable 
functions on R + and B a selfadjoint operator in K with dense domain Dom (B) satisfying 
inf Spec (B) > 1, where R + ~ [0,°°) and K is a separable Hilbert space called the multi- 
plicity space. In fact, we take B of the form £ (>1 p,|<?,) (e,-|, where {e,} is an orthonormal 
basis for K and {p, } a sequence of real numbers greater than or equal to 1. 
For each p 6 R+, put 

H p = Dom (Kg) B p ) CH 

and let H- p be the completion of H with respect to the norm |7 <g> B~ p - |o, where • | is the 
norm on H. Then we have 

= proj \imH p C H = H* C Ht = = indlim//_ p , 

where H* is the strong dual space of with respect to H. 

The (Boson) Fock space over H is denoted by JV — T(H). Then by definition, Ji? is 
the space of sequences (j) — (/ n )~ = o, where /„ g ff®" (n-fold symmetric tensor power of 
the Hilbert space H) such that 

ii*iio=£>!i/»i§<~, 

n=0 

where | • |o is the norm on H®" for any n £ N. 

Let / be a separable Hilbert space which is called the initial Hilbert space and A 
a selfadjoint operator in J? with dense domain Dom (A) satisfying inf Spec (A) > 1. To 
lighten the notation, the operator A ® Y{el ® B) in J 1 ® Jft? is denoted by A and 

A p =A"' ®r(e" 2 /®B" 3 ), p= (puP2,P3) eR 3 , 

where T(C) is the second quantization of the operator C (see [17|). Then by standard 
arguments we may construct a triplet: 

from = J" ® and A = A ® T(el ® B) . More precisely, for each p G R^ , put 

Sf p = Dom(A p ) C^ = J^O 3f 

and then 5f p becomes a Hilbert space with norm ||| ■ ||| p = ||| A p - 1|| , where ||| ■ ||| is the norm 
on J> (g> Ji?. Let Sf_ p be the completion of J? <g> Ji? with respect to the norm ||| ■ ||| = 
|||A-P-|||o, and 

Sf »= P r °J lim %,P 2 ,P3)> ^= ^(-Pl."/*,-/*)' 
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Note that ^_oo is topologically isomorphic to the strong dual space of ^ with respect 

For each p = (p2,P3) £ R+, put 

M> v = Dom(T(e P2 I®B P3 )) 

and let Jf-p be the completion of Jtf with respect to the norm || • || = ||r(e~ P2 7® 
B-pi)- \\o, and 

ML = projlimJ^p, p3) , ML*, = indlim M\_ p2 - P3 y. 

P2,P3^°° P2,P3^"*= 

For each interval [a,fe] C R+, we write Ht a « =L 2 ([a,Z>],^T) and then 

// = i/ s ] ©#[ w ] ©#[ t , < 5 < t < oo 

with abbreviations Ha and ffr f when [a,b] = [0,s] and [a,i] = [f,°°], respectively. There- 
fore, we have the identification 

where 

^] = r(H,]), ^, t] =r(// M ), jef f = r(fl [f ). 

Moreover, for any p = (p \ , p2 , pi ) G R+ U (R = (— °o, 0]) and < s < t < oo, we have 
where p' = (p2>/>3) and 

= % n ^ , ^ ; [i jt ] = n ^j Jj; ] , ^' ; [ f = ^ n 

(closures when p G R^). 

For each g,h G and T 6 „5?(//oo,ft>o), the annihilation, creation and conservation 
operators are defined on JC= as follows: 

= /n)«=n 
fl*(/i)0 = (Si +n (A®/„))~ =0 , 

A(7> = ((n+l)S 1+n (r®/ 8n )/„ +1 )~ =0 , 

respectively, for any = (f n )„ = o G where g® 1 f n is the left 1-contraction of g and /„ 
IfT^l , and Si +m stands for the symmetrizing operator. Then we can easily show that a{g), 
a*(h) and X(T) are continuous linear operators acting on ML. The operators a(g) and 
a*(g) are adjoint to each other and X(T*) = (k(T))*. 

The three basic (quantum stochastic) processes called annihilation, creation and con- 
servation processes are defined by 

Aj(f) =/®a(l[ 0l ,]®ej), 

A 1 *(0=/®a*(l[o / ]®«i), 
Aijit)=I®X(l M ®Pij), 
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respectively, where / is the identity operator on J? and lp r ] the indicator function. In the 
definition of A,(f ) and A*(t ) the indicator function lr 0)f i is a vector in L 2 (R + ) while it is 
considered as a multiplication operator in L 2 (R + ) in the definition of A ;; (f ). 
For each / G H, a vector of the form: 

is called an exponential vector or a coherent vector. Note that 0^ belongs to JtfL (resp. 
J^oo) if and only if / belongs to Hoo (resp. //_oo). The exponential vectors {<j)f;f€ 
span a dense subspace of ML, hence of Jlf p for all p G and of MLoo. We denote 
the linear subspace generated by {0/; / G £>} for D C H. Then for any f,g€ Hoo and 
f G R + we have 

({Ai(t)u®<l> f , v®0 g )) 

({Aij(t)u®(l) f , v®<l>g)} 

where ((•, •}) is the C-bilinear form on ^_o» x Sfoo and = (h(s), e,) for h EH. 
The quantum Ito's formula established in J8J is summarized by the following table: 





dt 


dA, 


dA| 


dAu 


df 














dA, 








dikdt 


8 ik dA, 


dA* 














dA, 7 










5/*dAa 




3. Quantum stochastic integral 

Let an d ^ be dense linear subspaces of and Hoo, respectively, such that l[o,f]/ £ 
for any t G R+ and / G M, and let 

M f] = {l[o, f] /; / G M}, M [r = / e M}. 

We put <f = f^o ®ai ^*(Af) C Sfoo, where ® a i is the algebraic tensor product, and put 

4] = ^o®ai^(M r] ), 4=^(M [? ) and then <? = ijj ®ai <% ■ 

A family of operators E = {E(f)},>o C L(<o ',Sf_,x,) is called a ^-quantum stochastic 
process if there exists p G R+ UR 3 . (independent of t > 0) such that E(f) G L(<?,^ p ) for 
each t > and for each y/ G # the map R + 3fns E(?)y/ G % is strongly measurable. We 
may then think of E(f ) as a densely defined operator on the Hilbert space ^ p ; and call E 
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adapted if E(f) = S(f]) <8>aig-?([0 f° r some E(f]) £ L(<^],Sf p . f ]), where 7([f) is the identity 
operator on Sf p .[ f . 

For certain sets of {£^}yfc=i23 4 of families of adapted process, stochastic integrals of 
the type 



Z^'^U + LE^Mi + ZE^dAi+EWds^ 

can be defined as in {9). We first define the integrals for a finite family of simple adapted 
processes {£®}fc=i234 an d then the definition can be extended to a certain class of 
countable families {E^ k > }fe=i 2 3 4 with a norm estimate (see ( 13.31 )) induced by the quantum 
Ito formula. For detailed calculations, we refer to [8 1 andJ19|. 

For each p = (pi,P2,Pi) £ R+ URl we denote s^i^^p) the class of all (ordered) 
quadruples of families of adapted processes 

E = {E^(t), El 2) (t), El 3 \t), £(*)((); 1 < i,j < », r > 0} 

satisfying 



2P3 



"£fj(s)Ejp(s)u^ f 



- £ £p, 2p3 III £, W (,)« ® |||2 + |||£( 4 >( S )« ® 0/ HI 2 U < ■ 

/t=2 i I 



(3.1) 



for all f > 0, u € £F and / e M. 

Theorem 3.1. Lef p = (pi,P2,P3) S R+ URl anJ E e ^(#,^ p ). 77zen f/ie stochastic 
integral 

S(t)= /£4 1) (5)dA l7 (5)+ r^ {2) WdA,(j) 



££, CT (s)dA+(s) + / £< 4 )(s)ds 

/s well-defined as an adapted process in L[S ,^p). Moreover, for any u,v £ £ 
M we /zflve 

((E(f)u®0/,v®^» 

^ ^ |L«W £ i (3) w+ £(4) ( , )} ,i ®^' v ®^ dj 

ant/ 



(3.2) 



|S(O«®0/lllp<exp|f + 3 e 2p2 ^'|/(")lp 3 d«| (^G(s)ds) < <», (3.3) 



494 Un Cig Ji 

where, for each t G R+, 

G(t) = 3e^£p?K 



£fj(t)El}\t)u®<!> f 



+ e 2p% Y,P? P3 \W E i 2) ( t ) U{ 

i 

+ 3e 2 '^pf Pi III E\ 3) (t)u ® <l, f \\\l + \\\E^ (Oh < 



(3.4) 



Proof. By similar arguments of those used in [ 19] and [9| using the quantum Ito formula 
d2.lt . for simple quadruple E with finite number of non-zero components we can compute 
that 



£|||S(0«®<Mllp = 2Re | J> 



+£« 2 V*Pi p) (')»»*/ III 



(3.5) 



where 



5i = * 2P2 Ep 2P3 ^ APC/i(0S(0"®*/), ap \Zfj(f)W{t)»^f 



5 3 =E^ 2 P 2M ((A p (/;-(OS(O«®0/),AP(£ ! (3) ( f )«®0 / ))) ! 



5 4 = ((A p (S(f) M ®0 / ),AP(£( 4 )(f)««)0/))), 



^5 = J> 2 V* UAP(E^\t)u ® fc), AP ^£/y(04- J «® 4>/J ) ) ■ 

By using the Cauchy-Schwarz inequality and the fact 2Re db < \a\ 2 + \b\ 2 , we obtain 
from d33b that 

^|||S(0«®«/|||5< (1+3^1/(01^)1112(011 «8«/|||S + G(0, 

where G(f ) is given as in (13. 4t . The inequality ( 13. 3t can be obtained by applying Gron- 
wall's lemma with the above inequality, as in JS] or ifTTl . Then the inequality (13. 3t allows 
the extension of the integral to srf%{$ ,£fp) satisfying the inequality ( 13.3b . 



CD, 



Stochastic integral representations of quantum martingales 



495 



4. Regular quantum martingales 

An adapted processes {E(f)} r >o C L(<?,Sf p ) is called a quantum martingale if for any 
0<s<f, 

((S(f)(tf®#l [0)j]/ ), v ®0i [Ml? )) = ((S(s)("®^ M /),v®(j>i w )) 

for any k,v G and/,g GM. For each 1 < i,j < oo, the annihilation process {A,(f)};>o, 
creation process {A*(?)},>o and conservation process {Aij(t)}t>0 are quantum martin- 
gales which are called the basic martingales in quantum stochastic calculus. 

In the following, for p, q G R^ U with p — q G R^ we consider quantum martingales 

E in j£f (^ p ,^ q ). Thus, for any < s < t and <j> s] G Sf p;i] , G Sf_ q;j] , 

«S f ^], %]» = (( S A]> %]))• 

The following definition of regular martingale is a simple modification of the definition 
of bounded regular martingale in lfl8ll and |9l . 

DEFINITION 4.1. 

A quantum martingale E in J??(Sf p ,^ q ) is said to be regular with respect to a Radon 
measure m on R + , or simply regular if for any < v < u and G §?p ;v ]> V S ^-q ;v ] 5 

HI (E„-E v )0|||q< |||0 |||pm([v,«]), 

|||(s;-s;)vf|||^ p <|||^lll^ 1 m([v 1 «]). (4.D 

PROPOSITION 4.2. 

Lef E be a quantum martingale in _Sf (Sf p ,^q). 7/E was the integral representation: 
d E = £ fydAy + £FfdA,- + £ G,dA* , 

w/iere fne quadruples (Ejj,F* ,G/,0) ant/ (E*j,Fi,G*,0) belong to ,g^(<?,§fq) anc/ 
•E^(#,§f-p), respectively, and Ejj,F* ,Gi are adapted processes in j£?(Sf p ,Sfq) racn f/iaf 

£p 2 «G^)A 2 <»G(s) Epf 2 ^/^- 2 ^) 

i i 

converge weakly to self-adjoint operators G{s) G =Sf (^ p ,^_ p ) ana" F (s) G Jz? (^_ q ,Sf q ), 
respectively, with the property that ||G(s) || p; _ p and ||F(i)||_q ; q are locally integrable, 
where denotes the adjoint of the operator K with respect to ((•, T )} and ||S|| r ;s is the 
operator norm ofZ. G „Sf(^ r ,%)- Then E is regular. 

Proof. Let p = (p u p 2 ,P3) G R+ URl andq = (qi,q 2 ,q3) G R^URL Note that for any 

< a < t and tj> a] G %. a] , yr o] G Sf q;a] , 

((E(f)0„], %])>, = ((S(i)^ fl] , %])>,. 
It follows that 

HI (E(f) - 3(a))fc| HI 2 = HI E(0fc] HI 2 - HI S(a)0 a] HI 2 . (4.2) 
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Therefore, by applying ( 13.5b . we obtain that for any < a < t and a j G S a ^ 

III (s(0 - s(*M] |||2 = e 2 « /* £ P 2 « in Gi w^] |||^ 

<^ 2 lll0 u ]lllp ^ ||G(s)|| p; _pds. (4.3) 
Similarly, for any < a < t and \j/ a j E <^], we have 

HI (S(0*-S(fl)*) %] ||| 2 _ p < e - 2p2 ||| %] III*, /' ll^WII-q;,^. (4.4) 

Now, we define a Radon measure m on R+ by 

m([a,b})= A^llGWII^p + ^llF^II 2 ^)^ 



for all < a < b < °°. 

Therefore, by (I4.31 l. (14.4b and the density of in £f p;a ] and ^- q;a ], we see that E is regular 
with respect to the absolutely continuous Radon measure m. 

Remark A3. Let E be a martingale in Jzf(Sf p ,^ q ) which is regular with respect to the 
Radon measure m. Then for any t > a, 

||E(f)||p;q> SUp |||E(O0 a ]|||q 

liking 1 

> sup |||S(a)0 o] |||q > ||E(a)|| P ;q, 
lllfe]lll p =i 

where we used ( 14.21 > for the second inequality. Therefore, ||E(-)||p ;q is non-decreasing. 

Let P denote the probability measure of an independent identically distributed sequence 
{Z?i,Z?2: ■ ■ ■ } of standard Brownian motions. Then the Hilbert space L2(P) is identified 
with r(L2(R+,R) <8> £2) by the following correspondence: 

where / = (/i,/ 2 , ...) G @? =i L 2 (R+,R) = i 2 (R+,R) ® h- Put 
M = {/=(/i,. ..,/,,. ..)Gfl»; 

/, = for all but a finite number of /'s}. 

Then <f = <?(M ) and <? = ®ai ^(Afo) are total in H and ^, respectively, where J„ 
is the Frechet space constructed by the standard manner with J? and the positive operator 
A, and then we have 
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for <pf G #0' In general, we have the following proposition which is an extension of 
the classical martingale representation theorem of Kunita-Watanabe for L 2 -martingales 
adapted to one Brownian motion to an ^-valued L 2 -martingale adapted to a countable 
family of independent Brownian motion. 

PROPOSITION 4.4. (19) 

Let {X(t )}r>o be an J? -valued square integrable martingale adapted to {B,} which is an 
independent identically distributed sequence of standard Brownian motions. Then 

X(t)=X(0) + J £ ftidBi, 

where {q}/>1 !S a sequence of adapted processes satisfying 
j^E[\Us)\\^]6s<oo, t GR+. 

Our aim is to prove the converse of Proposition ^. 21 generalizing the main result in [9] 
and fl9l . For the proof we use similar arguments to those used in lfl9l . 

Theorem 4.5. Letp,q G R+ URl with p — q G R+. Let S be a martingale in Jz? (Sf p ,5f q ) 
which is regular with respect to a Radon measure m on R + . Then there exist three unique 
families of adapted processes {-E,;}, {F*}, {Gi} in «5f (^p,Sfq) such that 

d E = £ EijdAij + £ FfdA; + £ G,dA* 

ij i i 

on <Soo (■see eg'. d4.151 >). Furthermore, 

£ Pi 2 «G^)A 2 <»G,(s) a*/ gpf^F/WA-^W 

converge weakly to operators G(s) G Jz?(Sf p ,Sf_ p ) and F(s) G Jzf (Sf_q,Sf q ), respectively, 
with 

max{[|G(5)|| p; - p , ||F(*)[[_ q;q } < m'^), s G R+, 

where m ac denotes the absolutely continuous part o/m. 

Proof. This follows from the identity ( 14.81 ) and Lemma [4. 1 1 I below. 

Lemma 4.6. Let p = {pi,P2-,P3) and q = ,<72j<?3)- Let Z, be a martingale in Jz? (5f p ,J# q ) 
which is regular with respect to a Radon measure m on R + . 77ien 

(i) m can be replaced by its absolutely continuous part; 

(ii) there exist two countable families of adapted processes {F*(t)} and {G,(?)} in 
Jz?(^ p ,Sf q ) such that for any (p G ^ p;a ] and \j/ G ^-q ;a ]7 1 > a >0, 

(S(0-S( fl ))9= f Y,Gi(s)tpdB,(s), 

J a j 

(E*(t)-E*(a))y= f ^F^dB^s), 
where {/?,■(*)} is the countable family of Brownian motions in Proposition \4.4\ 
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(iii) the series 

^p^Gl(s)A^G,(s) and ^p^F? (s^F^) 

i i 

converge weakly to operators G(s) S «£?(Sfp,Sf_ p ) and F(s) <E J?f (£f_ q ,!^q), respec- 
tively, with the property that |[G(jf) Hp;— p an d ||^*( j, )||-q;q are locally integrable. 



Proof. 

(i) Let <p E Sf p;a ] be fixed. Since {A q E(f )<p}r>« is a classical ^-valued square integrable 
martingale in [a,°°) adapted to the countable family {Bj(s)} of independent Brownian 
motions, by Proposition 14.41 there exists a countable family of J^-valued adapted square 
integrable process <p)} s > a such that 



A«Z(t)<p-A«Z{a)<p = / £§(j,9)dfli(*)- 
By the Ito isometry and (14. U , we have for all < a < b < t < oo, 



r 

./ft 



E 



E 11^,9)1 



d*= |||[A«S(0-A«S(6)]9|||§ < ||kli;m([A,*]). 



(4.5) 



Similarly, we prove that for fixed \j/ 6 ^- q;a ] there exists a countable family of ^-valued 
adapted square integrable process {rj,(i, V / )}s>« such that 



A-P«(f )> - A-P»( fl )> = / V tj, (5, V )dBt(s 

J a 



and for all < a < b < t < °°, 



E 



Elto'fovOI 



d 5 =|||[A- p S(f)*-A- p S(/7)*]v/| 



<IIMII-«»([M)- 



(4.6) 



From (14.5b and (14.6b we see that m can be replaced by its absolutely continuous part m ac - 
(ii)-(iii). From (i) we assume that m is an absolutely continuous Radon measure. By simi- 
lar arguments of those used in the proof of Proposition 7.5 in [9 1 we see that (p)} s >a 
does not depend on the end point a and we put 

Gf(i)9 = «- 2 « 2 pf 43 A-«&(i,9) a.e. s>a, (pe^]. 

This gives an adapted operator family {G, (i)} (for details see the proof of the Proposi- 
tion 7.5 in (9)) . Hence by (14.51 > for any <p £ Sf p;a ] we have 



£p^|A^)<Hllod* = ^/ E 



Ell^<p)ll 2 ^ 



ds 



<e-^|||<p|||>(M) 
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which implies that 

'£ P ^\\\A t >G l (s) ( p\f <e-^ m '(s)\\\ ( p\ 



for all s. 



(4.7) 



This shows that each G, (s) is an adapted process in _Sf {%,%) and that ZiP^ ] ( s ) A2q 
Gi{s) converges strongly to an operator G(s) 6 Jzf (5f p ,^_ p ) such that |G(s)|| p; _ p is 
locally integrable. In fact, we prove that 



i 

The remainder of the proof is similar. 
Now, we put 

S(t): 



< e- 2q2 m'{s) a.. 



p; P 



J^(Gi(s)dA* (s) + F* (s)dAi(s)) , 

i 

S-U)= iY(F i (s)dA*(s) + G*(s)dA i (s)), 



Z(t)=E(t)-S(t) and Z*(t) =S*(t) -S*(t). 
Remark 4.7. By dTTT l and d4T7] >. the integrals 



(4.8) 



£G,(*)dA?, / £F,WdA? 



are well-defined on <§ with M = H. But, in general, the other two integrals Jo^F*^) 
dAi(s) and Jq GJ'^dA^.s) are not well-defined on S withM = H since we have no esti- 
mates for L'Pr 2/,3 lll A ~ p G*( s )<P lllo and L'P^ll A^*(i)(p If we consider the inte- 
grals on £(), then the infinite series reduce to finite sums and hence the stochastic integrals 
are well-defined on Sq by (13. U . Then from (13.2b and the definitions it is immediate that 
the processes {5,5*} and {Z,Z*} are adjoint pairs on Sq. Also, we can easily see that for 
all u e J^o and / e M , {A q Z(f)M <g> 0i |Ol] /} and {A~ p Z*(f)w ® 0i |Of] /} are classical J 5 "- 
valued martingales adapted to the countable family of Brownian motions {Z?,} in Propo- 
sition [4j4] Moreover, for all t > a, 

Z(t)u ® 1|Oa]/ = Z(a)« ® 0i |Ofl] /,Z* (f )u ® fa mf = Z*(a)u <g> 1[m/ . (4.9) 
Lemma 4.8. Lef w 6 =X<, ant/ / G Mo. 77ie« 

(i) there exists a J' -valued square integrable classical process {<!;,■(•,«,/)} such that 

A«Z(0A-p«® 1[Of]/ = A'E^A-Pm® 0o+ f^(s,u,f)dB t (s); 

Jo i 

(ii) f/zere ex/ifi a ^ -valued square integrable classical process {?];(•, m,/)} smc/z f/zaf 
A-PZ*(f)A" M ® 1|O(]/ = A-P»*(0)Ai M ® 0o+ f J>(* «,/)«»/(*). 
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Proof. The proofs of (i) and (ii) are simple applications of Proposition l4.4l 

Now, we prove that {Z} t >o can be represented by a stochastic integral with respect to 
{A,;}. For the proof, we use similar arguments to those used in [19| by using a special 
martingale C/® related to the Weyl representation. 

Lemma 4.9. 0191 . For each i — 1,2, ... , let 17 W be the unique bounded martingale satis- 
fying 

dt/ W = (dA* -dAi)U {i \ U {i) (0)=I. 

Then 

(i) e-'l 2 U^{t) = / (g> W(l[ 0it vei,I), where 7 is the identity in <%{J) and W is the Weyl 
representation defined in JS); 

(ii) U®(t) leaves Sq invariant. 

Lemma 4.10. Let S be a regular martingale in S£ (£f p ,Sf q ) and let {G,}, {Ff\ be the asso- 
ciated families of adapted processes defined in Lemma \4~6\ For each i = 1,2,..., put 



Then 



yW(r)=A <1 S(f)A-Pf/W(f)-e- p2 pr" 3 / Ff {s)AT v U {l) (s)&s 



o 



(i) for each i, {Y^} t >o is a bounded regular martingale in Jz? (Sf ,Sf ); 

(ii) for each i, there exists a unique family {M^} of bounded adapted processes such 
that for allt > a > and <p 6 Sf a j, 

[F«(f)-F (i) (a)]<P= f^M^cpdfiXs). (4.10) 



(i) It is clear that A q E(f)A~ p t/W(?) is bounded. By similar arguments of those used to 
get (14.71 > we prove that for any t > 0, 

/ ||A- p f/(s)A q I/W(s)|| -ods < e" 2 / e J ' /2 v / m 7 Wds < - (4.11) 
Jo Jo 

which implies that Y^'\t) is bounded. Since So is invariant by U^(t), the relation: 

yW(f) =A«Z(0A _p yW(0+W (<) (0 (4.12) 
holds on ^o> where 

= A" ^(f)A- p f/«(r) -e- p *p7 P3 £F?(s)A- p U®( s )ds) , r > 0. 
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Note that Sq is invariant by A p . Therefore, by J4.9I ) and the martingale property of 
C/( ! '), we prove that {A q Z(f)A~ p [/ (i >(f)} is a martingale on Sq. Now let «,v e and 
f,gE Mq. Then by applying Ito's product formula ( 12. Il l (or see Theorem 6.2 in j9j) to 
we can easily see that {W® (?)};>o is a martingale. 
In fact, for any t > we have 



A q S(f)A- p f/( ! '}(f)= e -" 2 pr w / A q S(s)A-Pj/«(s)dA*(s) 

Jo 

- /\«S(j)A- p tfW(j)dA,(j) 
Jo 

+ e n pf f A q G, (s) A- p f/ (i) (j)dA; (j) 



e-^pT^ 



A*F?(s)A.-*U®(s)ds 



(4.13) 



on (?o- The proof of regularity is similar to that in [ 18 1 and [ 19 |. By similar arguments of 
those used to get (14. lit we first show that for t > a > and <p E^ a u 



e-^p-" 3 



F*{s)A- p U {i) (s)(pds 



<P- 2 " 3 III 9 Ilia Ue^V^ds 
<Pr 2P3 III <p\g{e'-e") m {[a : t]). 
On the other hand, for t > a > and <p £ we have 
|||(»( f )A-Pf/W(0-S(a)A-Pf/('-) (fl))(p |||2 
<2|||E(f)A-P(f/( i )(f)-f/W( fl ))( P |||2 
+2|||(S(0-S( a ))A-^ffl(fl)9|||2 
<2||E(0||2 ;q ( e '-^|||(p|||2 + 2 e a |||(p|||2rn([« ;f ]). 

Therefore, since ||E(f)||p;q is non-decreasing by Remark l4~3l for t > a > and <p S 
we have 

|||(7« (f) _ 7 (i) (a))(p |||2 

< 2C I <p - e a )m([a,t}) + (e< - e a )\\Z(t)\\l, q + e" m ([a,t})) 

<2C|||<p|||2[ e '(||S(0||^+m([0,r]))- e fl (||S(a)||2 q + m([0,a]))] 
s|||9|||gn([a,»]), (4.14) 
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where C = max{p ; 2p3 , 2} and n is the Radon measure defined by ( 14.141 ). Hence we prove 
(i). The proof of (ii) is similar to the proof of Lemma 14. 6l bv applying Proposition !4.4l to 
the bounded regular martingale {y W (t )} t >o- 

Let 

Moo = {/ € Mo C Hco ; \\f(t) || is a locally bounded function of t} 

and 

<?00 = ^oo® a l^(M 00 ). (4.15) 

Lemma 4.11. Lef E be a regular martingale in Jz?(^ p ,Sfq) and let {F*}, {G,}, {5,5*}, 
{Z,Z*}, 17 W fl «£/ {My^} be as defined in Lemmas \4~6\]4.10\ Put 

Ltj(t) = a-^mJ (f )u®(t r 1 A p 

-eiipfiGM-e-Kp-PiSWij-Z^Sij. (4.16) 

77ien f/;e processes {rji(t,u,f)} defined in (ii) of Lemma \4.8\ satisfies the relation for any 
u e J^oo and f e Mo: 

I jK^M ! /)=^/;(0A- p [A7(0+Z*(0%]A q M®^ IOi<] / f. (4.17) 
j 

Moreover, we have 

Z(t) = S(0) + f^Ei^dAijis) (4.18) 

defined on Sqq, where Ejj — e P2 ^ q2 p i q3 ppLij for each i,j — 1,2, 

Proof. Let «,v£ /„, /,g € Mo and f > a. Then by (i) in Lemma |4~9l we have 

Thus by (ii) in Lemma |4~81 and the Ito isometry, we have 
A ((a-pz* (f )A*« ® ^ M/> C7» (f ) v ® k M ,» 

= e -/o fl ?i(s) ^^£(l M + 5y)((T} y ( 5 ,«,/),v®0 1[Mg+1[O()e ,.))d5 

= ((i7i(*."»/).^ (0 (Ov®*i M ,» a.e.f>a. (4 ' 19) 

On the other hand, from (14. 12b . (14.13b . (14.1 Oi l and Ito isometry, for t > a we obtain that 
«u ® tfy,,/, [A«Z(f )A-Pf/« (0 - A«Z(a)A-Pt7« (a)]v ® 

= ((«« 1|M/ , [y (i) (0-y (i) (fl)]v®«i M g» 
- ((« ® ^ [0t]/ , [w« (o - w« ( fl )]v ® <h Mg )) 
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= f £•/>(*) (("®^l [0 , ( ]/> M fWv®«l>i [0 ,^))^- 
x ((« ® 1|o;|/ , A«[e»p» Gi(s) + e-P^ P ^S(s)8 l j]A-Pu( i \s)v^<j) lMg })ds 
£/;(*)((« ® 0i |oj]/ , A«[Ly(*) +Z( S )8ij]A-PuU(s)v® fr M ,»dj. 

(4.20) 

Therefore, by comparing ( I4.19l l and ( I4.20l i using the totality of the set {v ® 0i[ Oo ]# I V £ 
JL, § G Mo, < a < ?} in we have ( 14.17) . Hence by (ii) in Lemma 14781 and ( 14.17) we 
obtain that 

A-PZ*(?)A« M ®0 1|M/ 

= A-P E *(0)Ai« ® 0o + /' £/;(*)A-P[L?.(*) +Z*(,)5, 7 ]A ( '« ® fr M ,dB,(*). 

(4.21) 

It is obvious that {Lij(t)}t>0 defined by (14.16) are adapted processes in Jzf (Sf p ,^q) and a 
simple estimate shows that the integral / £ ! -,-Ly( t s)dAiy(,s) is well-defined on <?oo since 
the integrability condition (13.1) is satisfied for any / G Moo. Now, by J4.21) and the Ito 
isometry, for f,g€ Mqq we have 

{{u®<j)f, A q Z(f)A-Pv®0 g }) 

= ((A-PZ* (t)A% ® v ® 0! [o tf«.*w>* 

= e irm,m<ish u ® A q s(o)A- p v ® <p )) 

Zfj(s) gi (s)((u ® 1[Os]/ , A^j(s)+Z(s)S,j]A-^^))ds\. 

By differentiation we obtain that 

— ((u ® 0/, A q Z(f)A- p v ® ^)) 

= L/y(0«(0«« ® */> A%-(r)A-Pv® fc» 

which by (13.2b and (ii) in Lemma I4~8l proves that 



Z(f) = E(0)+A-« 



£A%(s)A-PdA i7 ( S ) 



A p (4.22) 
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on <?oo- On the other hand, by direct computation we prove that 



£A%( s )A- p dA (s) A p 

ij 

on Sqq. Thus by d4T22b we prove d4~T8T >. 
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